Abstract. The mixing between qq meson and qqqq tetra-quark states is examined within an effective QCD Coulomb gauge Hamiltonian model. Mixing matrix elements of the Hamiltonian are computed and then diagonalized yielding an improved prediction for the low-lying J P C = 0 ±+ , 1 −− isoscalar spectra. Mixing effects were found significant for the scalar hadrons but not for the 1 −− states, which is consistent with the ideal mixing of vector mesons. A perturbative assessment of the exact QCD kernel is also reported.
Introduction
Hadronic structure remains an interesting but challenging problem. This is because quantum chromodynamics [QCD] permits a variety of hadron formations such asmesons,tetra-quarks, qqg hybrids and gg glueballs. These states will, in general, also mix via quark pair annihilation/formation which further complicates this issue. Unfortunately experimental information [1] is predominantly limited to masses, widths and spectroscopic quantum numbers with little structure insight. Accordingly, theoretical input is needed and this paper reports a consistent, model study of the dynamic mixing betweenmeson andtetra-quark states.
There are abundant mixing analyses in the literature involving mesons, glueballs and hybrids utilizing several different methods including perturbation theory, relativistic Feynman-Schwinger path integrals for Green's functions [2] , instantons [3] , lattice QCD [4] and effective chiral approaches [5] . There have also been several mesonglueball phenomenological mixing studies [6, 7, 8, 9] in which the meson-glueball interaction is modeled, or simply parameterized, and then diagonalized to obtain relations between primitive and physical masses.
Central to this work is the mixing between meson and tetra-quark states, which has not received much attention. The few published studies include two diquark, antidiquark cluster applications with tetra-quark mixings between either hybrid [10] or quarkonium [11] states, a mesonmeson coupled-channels scattering calculation [12] and a quark model mixing study [13] which obtained an improved scalar spectrum by adjusting phenomenological parameters.
As detailed in this paper, meson-tetra-quark mixing is fundamentally due topair annihilation/formation and entails the strong confining interaction. We include this mechanism using our Coulomb gauge (CG) model, which has been successfully applied to meson, glueball, hybrid and tetra-quark states [14, 15, 16, 17, 18, 19, 20, 21] . The model Hamiltonian is obtained from the QCD Coulomb gauge Hamiltonian using a few simplifications (see below). In this way, the original non-perturbative confining interaction can be rearranged into a calculable effective potential between color densities. We utilize powerful manybody techniques and relativistic field theory in which the non-perturbative vacuum is described as a coherent BCS ground state with quark and gluon Cooper pairs (condensates). The resulting model retains the key QCD elements and is thus capable of robust predictions as comprehensively documented in numerous publications [14, 15, 16, 17, 18, 19, 20, 21] .
We only focus on the mixing betweenandconfigurations and, for two reasons, omit qqg hybrid and gg glueball states. First, we are interested in low mass spectra where energy level mixing arguments imply that effects from glueballs and hybrid mesons should not be large since these exotic hadrons have somewhat heavier masses. Indeed, in our previous model applications (and others including lattice results) the lightest hybrid and glueball masses are predicted to be slightly above [14, 15] and below [19] 2 GeV, respectively. This is in contrast to tetra-quark masses which, due to four different color configurations, can be much lighter. In particular, we calculated [14, 16] the lightest tetra-quark to be in the color singlet-singlet state with mass closer to 1 rather than 2 GeV. The other reason for omitting quark-hybrid and quark-glueball mixing matrix elements is that for our model Hamiltonian (see Section 4) the former are perturbative, and thus expected weak, while the latter entirely vanish (mixing must proceed via higher order intermediate states). This would also suggest that glueball widths might not be large, as typically expected, perhaps even narrow, consistent with a recent theoretical prediction [22] . The issue of mixing involving gluonic states, however, merits a further study which we plan to address in a separate communication.
This paper is organized into seven sections. In the next section we detail the QCD Coulomb gauge Hamiltonian and then, in Section 3, present a perturbative analysis of the exact Coulomb kernel. This motivates our Coulomb gauge model Hamiltonian described in Section 4. Meson and tetra-quark mixing is treated in Section 5 with numerical results given in Section 6. Finally, key findings and conclusions are summarized in Section 7.
QCD Coulomb gauge Hamiltonian
The exact QCD Hamiltonian in the Coulomb gauge [23] is (summation over repeated indices is used throughout)
where g is the QCD coupling constant, Ψ is the quark field with current quark mass m, A a = (A a , A a 0 ) are the gluon fields satisfying the transverse gauge condition, ∇·A a = 0 (a = 1, 2, ...8), Π a = −E a tr are the conjugate momenta and
are the non-abelian chromodynamic fields. The color densities, ρ a (x), and quark currents, J a , are
with standard SU (3) color matrices, T a = λ a 2 , and structure constants,
, is a measure of the gauge manifold curvature and the kernel in Eq. (5) is given by
The Coulomb gauge Hamiltonian is renormalizable, permits resolution of the Gribov problem, preserves rotational invariance, avoids spurious retardation corrections, aids identification of dominant, low energy potentials and introduces only physical degrees of freedom (no ghosts) [24] .
The bare parton fields have the normal mode expansions (bare quark spinors u, v, helicity, λ = ±1, and color vectorsǫ C=1,2,3 )
with the Coulomb gauge transverse condition,
and a a µ (k) (µ = 0, ±1) are the bare quark, anti-quark and gluon Fock operators, the latter satisfying the transverse commutation relations
with
Perturbative expansion
Before addressing meson and tetra-quark mixing, we first report a perturbative study of the kernel K ab (x, y). Expanding in powers of g yields
where
Note the first term represents the simple, long-ranged Coulomb interaction. We have perturbatively calculated the expectation value of the Hamiltonian component with this kernel for 0 ++states (the Faddeev-Popov terms are also included)
In this paper all wavefunction kets, |ψ >, have unit norm. The leading diagrams corresponding to g 2 , g 4 and g 6 are shown in Fig. 1 . The g 2 diagram contributes
with p = q − q ′ and q, q ′ the initial, final quark momenta. The dressed spinors, U λ , V λ , are BCS rotations of the bare spinors and wave function details are given in the following sections. The above integration is convergent and the numerical value for this Coulomb type interaction energy is E C 2 = 25.6 MeV. The g 4 diagram reduces to
where x 1 =p ·q 1 . The momentum integration q 1 over the loop diverges but replacing the gluon kinetic energy ω(q 1 ) with ω(q 1 ) 1+ǫ yields a finite result, A + B/ǫ, for positive ǫ which isolates the divergence. As shown in Fig.  2 , the integrated value scales as 1/ǫ for small ǫ which is consistent with dimensional renormalization. Extrapolating the intercept from the linear graph yields the infinite subtracted renormalized result E C 4 = A = 13.2 MeV. In this minimal subtraction scheme the coupling g is renormalized to its physical value by absorbing the infinity. The bottom three diagrams of Fig. 1 (from left to right) are proportional to g 6 , with respective expectation values
where z =k 1 ·q 2 , x j =p·q j and k j = 2p− q j for j = 1, 2. These loop variable integrations are also divergent. Using the same renormalization procedure yields the respective values 7.15g 6 , 7.86g 6 and 0.48g 6 MeV. Therefore, the sixth order interaction energy is E C 6 = 15.5 MeV and the series takes the form E C = (25.6g 2 + 13.2g 4 + 15.5g 6 ) MeV. Since the coefficients are comparable, g 2 must be less than 1, i.e. α s = g 2 /4π < 0.1, for perturbation theory to be valid but the strong interaction has α s much larger, so the perturbative expansion fails as anticipated. We therefore seek a calculable confining kernel interaction and, guided by lattice results, adopt a linear potential specified in the next section. We note in passing that a subset or class of diagrams may still be amendable to a perturbative treatment. Specifically the chain of bubble diagrams (i.e. the g 4 and first g 6 diagrams in Fig. 1 ) seems to be converging. Also, ladder type diagrams (third g 6 diagram) seem much smaller, in contrast to gluon dressed or self-energy type diagrams (second g 6 diagram), and they too may be convergent. Hence further perturbative studies should be conducted to determine which parts, if any, of the exact kernel can be treated as radiative corrections and which parts are responsible for confinement and must be included non-perturbatively. This would provide further insight into the nature of confinement and also for improved QCD approximated interactions.
Coulomb gauge model Hamiltonian
Our model's starting point is the Coulomb gauge QCD Hamiltonian, Eq. (1). In this gauge, the color form of Gauss's law, which is essential for confinement, is satisfied exactly and can be used to eliminate the unphysical longitudinal gluon fields. We then make two approximations: 1) replace the exact Coulomb kernel with a calculable confining potential; 2) use the lowest order, unit value for the the Faddeev-Popov determinant. This defines the CG model Hamiltonian
Confinement is described by a kernel that is a Cornell type potential,V (r) = −α s /r + σr, where the string tension, σ = 0.135 GeV 2 , and α s = 0.4 have been previously determined and set the scale for the calculation.
Next, hadron states are expressed as dressed quark (anti-quark) Fock operators, B † λ1C1 (D † λ2C2 ), acting on the Bardeen-Cooper-Schrieffer (BCS) model vacuum, |Ω (see Refs. [15, 17] for full details). For the tetra-quark system, the quark (anti-quark) cm momenta are q 1 , q 3 (q 2 , q 4 ) and the following wave function ansatz is adopted
The expression for the matrix R
C1C2
C3C4 depends on the specific color scheme selected [14, 16] . Here, we focus on the color singlet-singlet scheme, [(3 ⊗3) 1 ⊗ (3 ⊗3) 1 ] 1 , where thepairs couple to color singlets, since it gives the lowest mass among the four color representations. This yields R C1C2 C3C4 = δ C1C2 δ C3C4 . The spin part of the wave function is,
a product of Clebsch-Gordan coefficients. Here J is the total angular momentum, s A = s 1 + s 2 , s B = s 3 + s 4 , and for scalar hadrons all orbital angular momenta, l X , are zero, consistent with the lowest energy state (see Section 6 for p-wave pseudo-scalar and vector hadrons). A Gaussian radial wavefunction is used (see [16] for details)
with variational parameters α A = α B and α I determined by minimizing the tetra-quark masses
which were previously calculated [14, 16] . The subscripts indicate the source of each contribution: the q andq selfenergy, the qq,qq andscattering, and theannihilation, respectively. Finally, themeson state is
Meson and tetra-quark mixing
In this section, we discuss the meson and tetra-quark mixing for the J P C = 0 ±+ and 1 −− states. As discussed above, only mixing between flavored (u, d, s)mesons and tetra-quarks is investigated. Using the notation, |qq > and |> for |Ψ JP C >, the mixed state is given by
where nn = 1 √ 2
(uū + dd). The state |ssss is not included since its mass is much higher than the meson masses. The < < > < > 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 > < < > > 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 Fig. 3 . Diagrams for the meson, tetra-quark mixing term.
coefficients a, b, c and d are determined by diagonalizing the Hamiltonian matrix, in which the meson-tetra-quark off-diagonal mixing element is (only H CG C contributes)
where |qq is |nn or |ss , and |is |nnnn or |nnss . There are six off-diagonal matrix elements however two, ss|H Fig. 3 . Because of color factors, nonzero mixing only exists forannihilation between different singletclusters. The expression for the first diagram in Fig. 3 is
, with q 4 = −q 1 − k, k = q 2 + q 3 and dressed, BCS spinors
The gap angle, φ(q), is the solution to the gap equation that minimizes the energy of the BCS vacuum, i.e., the vacuum rotated by a Bogoliubov-Valatin transformation [17] . The effective confining potential in momentum space is V (k). The second diagram in Fig. 3 yields
(2q 1 ) .
Numerical results
The two Hamiltonian parameters in our model were independently determined while the wavefunction parameters were obtained variationally. Because we seek new model masses, the unmixed variational basis states need not be ones producing a minimal, unmixed mass. Hence we can use one of the variational parameters to provide an optimal mixing prediction. We have selected α I to exploit this freedom and studied the mixing sensitivity to this parameter.
The tetra-quark parity and charge parity are given by P = (−1)
lA+lB +lI and C = (−1) lA+sA+lB +sB so for the lightest, unmixed J P C = 0
For the 1 −− p-wave state we choose l I = 1 since this yields a lower mass than states with l A = 1 or l B = 1. Note for the 0 ++ state, the spin of the twoclusters are both either 0 or 1 and for each the three mixing matrix elements versus α I are shown in Fig. 4 . The mixing term is zero when α I is zero and then increases with increasing α I . Also, mixing with ss states is stronger than with nn states. In particular, for α I = 0.2, the s A = s B = 0 matrix elements are ss|H −− states a novel mixing result was obtained. The mixing matrix elements were again 0 for α I = 0 but, and very interesting, also essentially 0 for all values of α I . Our model therefore predicts minimal flavor mixing for vector mesons which would explain the known ω/φ ideal mixing. Related, weak mixing also provides a good spectrum description since the pure nn and ss states were previously in good agreement [17, 18] with observation.
As mentioned above, the purely tetra-quark matrix element, nnnn|H CG |nnss , was calculated to be small since only annihilation diagrams contribute. Its value was only a few MeV in magnitude for any α I and thus has no appreciable effect in this study.
With the calculated matrix elements and previously predicted unmixed meson and tetra-quark masses [14, 16, 17] , the complete Hamiltonian matrix was diagonalized to obtain the expansion coefficients and masses for the corresponding eigenstates. Using α I = 0.2, the results for 0 ++ states are compared in Table 1 to the observed [1] lowest six 0 ++ states. Noteworthy, after mixing, the σ meson mass is shifted from 848 MeV to 776 MeV and the strange scalar meson mass also decreases from 1297 MeV to 1006 MeV, now close to the experimental value of 980 MeV. Meson and tetra-quark mixing clearly improves the model predictions as the masses of the other f 0 states are also in better agreement with data. Figure 6 illustrates the over all improved description that mixing provides for the f 0 spectrum. New structure insight has also been obtained from the coefficients, with the predictions that the σ/f 0 (600) is predominantly a mixture of nn and nnnn states while the f 0 (980) consists mainly of ss and nnss states. Table 2 lists the masses and coefficients for the 0 −+ states for α I = 0.5. Again, mixing lowers (raises) the predicted mass for states relative to unmixed() states. All mixed hadron masses are closer to measurement than the unmixed ones, except the most massive state which presumable could further mix with omitted heavier configurations. Note from the expansion coefficients that flavor mixing is again weak (i.e. nn with ss) and less likely than meson, tetra-quark mixing having the same flavors. 
Summary and conclusions
We have applied the established CG model to studyandmixing for the low-lying 0 ++ , 0 −+ and 1 −− spectra. In general, mixing effects are significant and provide an improved hadronic description. As important, our findings clearly document that mixing is necessary for a complete understanding of scalar and pseudo-scalar hadrons.
The mixed 0 ++ states are a superposition of six states with coefficients obtained by diagonalizing the H CG Hamiltonian which decreases the mass for states dominated bycomponents while increasing those predominantly having tetra-quark configurations. The resulting f 0 mass spectrum is in good agreement with observation.
Mixing is not as large for the 0 −+ spectrum, therefore the mass shifts are smaller. Again after mixing, predominantlystates increase in mass while thedominated masses decrease. All mixed states are closer to measurement except the heaviest which might be further corrected via mixing with omitted higher configurations. It is noteworthy that the CG model provides sufficient flavor mixing to produce reasonable masses for historically challenging η, η ′ system. Significantly, mixing is calculated to be weak for the 1 −− states. Therefore, minimal flavor mixing for vector mesons follows naturally from our model, consistent with the known ω/φ ideal mixing.
Finally, we performed a perturbative investigation of the exact QCD Coulomb gauge kernel to order g 6 . As expected, a series expansion in g does not converge, however a subset class of diagrams might be amendable to a perturbative treatment and further study is recommended. Future work should also address mixing applications to other Fig. 6 . Unmixed and mixed f0 spectrum compared to data. I G (J P C ) states, especially glueball and hybrid mesons with explicit gluonic degrees of freedom. Determining the level of mixing for these exotic systems will be important for finally establishing their existence. 
